Space fractional convection diffusion equation describes physical phenomena where particles or energy (or other physical quantities) are transferred inside a physical system due to two processes: convection and superdiffusion. In this paper, we discuss the practical alternating directions implicit method to solve the two-dimensional two-sided space fractional convection diffusion equation on a finite domain. We theoretically prove and numerically verify that the presented finite difference scheme is unconditionally von Neumann stable and second order convergent in both space and time directions.
Introduction
Relaxing the restriction of the boundedness of the second moments, fractional derivatives naturally appear to characterize anomalous diffusion [13] , usually the time fractional derivative is used for describing the subdiffusion and space fractional derivative for the superdiffusion. More often, diffusion corresponds to a power law, x 2 (t) ∼ Dt α , where D is the diffusion coefficient and t the elapsed time. In a classical diffusion process, α = 1.
If α < 1, the phenomenon is called subdiffusion. If α > 1, the particles undergo superdiffusion. For α = 1, the position probability density of the particles satisfies the classical diffusion equation with first order time derivative and second order space derivative; for α < 1, the position probability density of the particles is the solution of the time fractional diffusion equation with α-th order time derivative and second order space derivative; for α > 1, the position probability density satisfies the space fractional diffusion equation with first order time derivative and (3 − α)-th order space derivative. + g(x, y)u x (x, y, t) + h(x, y)u y (x, y, t),
where (x, y) ∈ Ω = (x L , x R ) × (y L , y R ), 0 < t ≤ T , the fractional orders 1 < α, β < 2; the function s(x, y, t) is a source term; and the diffusion coefficients d + (x, y) ≥ 0, d − (x, y) ≥ 0, e + (x, y) ≥ 0 and e − (x, y) ≥ 0. The initial and boundary conditions are, respectively, taken as u(x, y, 0) = u 0 (x, y) for (x, y) ∈ Ω, (1.2) and u(x, y, t)| ∂Ω = B(x, y, t).
( 1.3)
The left and right Riemann-Liouville fractional derivatives of order µ (0 ≤ n − 1 ≤ µ < n and n is an integer) are, respectively, defined by [4, 14, 15] 
and
where
ν−1 u(ξ)dξ, ν > 0, and
The Grünwald-Letnikov definitions for the left and right fractional derivatives are, respectively, given as
where h + = (x − x L )/M + , h − = (x R − x)/M − , and M + and M − are positive integers.
The Riemann-Liouville and Grünwald-Letnikov derivatives are equivalent [7] under the assumptions that the function performed are sufficiently smooth.
Using the formulae (1.6) and (1.7) to discretize the space fractional derivatives is a nature idea for designing the numerical schemes. Unfortunately, this usually leads to unconditionally unstable finite difference schemes, but Meerschaert et al successfully circumvent this difficulties by modifying the formulae (1.6) and (1.7) to obtain the socalled shifted Grüwald formulae [10] . Based on these shifted formulae, Meerschaert et al did a series of works for numerically solving space fractional diffusion equations [11, 12, 19, 20] . Sousa proposes another way to approximate the fractional Caputo derivatives [16, 17] , which can obtain second order accuracy. More recently Sousa et al further discuss using the similar idea to discretize Riemann-Liouville fractional derivatives in infinite domain [18] . By using different ideas, Liu's group discusses the finite difference methods for fractional partial differential equations with Riesz space fractional derivatives [21] and the difference methods for the space-time fractional advection-diffusion equation [9] . For the discretization of the time fractional derivatives, usually the different challenges will be met [1, 2, 6, 8] . Here we will combine the alternating directions implicit (ADI) method with Crank-Nicolson scheme to design the finite difference scheme for the two-sided twodimensional space fractional advection diffusion equation (1.1). The numerical scheme will be theoretically proven and numerically verified to be unconditionally von Neumann stable and second order convergent.
The paper is organized as follows. In Section 2, we derive the linear spline approximation to the right Riemann-Liouville fractional derivative, and the full discretization of (1.1) is presented, where the Crank-Nicolson scheme and the alternating directions implicit method are combined together. Section 3 does the detailed theoretical analyses for the consistency and stability of the given schemes. To show the effectiveness of the algorithm, we perform the numerical experiments to verify the theoretical results in Section 4. Finally, we conclude the paper with some remarks in the last section.
Discretization Schemes
We use three subsections to derive the full discretization of (1.1). Since the linear spline approximation for the left Riemann-Liouville fractional derivative in the infinite interval can be easily got from [18] , we further derive the linear spline approximation for the right Riemann-Liouville fractional derivative and make some remarks on the relationship between the discretization schemes of left and right Riemann-Liouville fractional derivatives in the first subsection. Then in the second subsection, we present the scheme for the one dimensional case of (1.1). The third subsection detailedly provides the full discrete scheme of the two-dimensional two-sided space fractional convection diffusion equation.
Discretizations for the left and right Riemann-Liouville fractional derivatives
Let the mesh points x i = x L + i∆x, i = 0, 1, . . . , N x , where ∆x = (x R − x L )/N x is the uniform space step. Taking α ∈ (1, 2) in the left Riemann-Liouville fractional derivative (1.4), its approximation operator δ ′ α, + x u n i has second order accuracy in a bounded domain (proved in next section), where u n i denotes the approximated value of u(x i , t n ) and the left fractional approximation operator, which can be obtained by truncating its infinite version [18] , is defined as
Here in the finite interval x L < x < x R with α ∈ (1, 2), we further derive the linear spline approximation for the right Riemann-Liouville fractional derivative defined by
For a fixed time t, denote
and we can do the following approximation at x i ,
For each x i , take
where the spline S i (ξ) is defined by
and for k = i and k = N x , s i,k (ξ) taken as
0, otherwise, and
According to (2.7) and (2.8), we have
where 12) and (2.6) can be written as
(2.14)
Denoting u n i as the approximated value of u(x i , t n ), we can define the right fractional approximation operator as
which has second order accuracy for approximating (2.3) (proved in the next section). 
Numerical scheme for one-dimensional fractional convection diffusion equation
We now examine the full discretization scheme to the one-dimensional two-sided fractional convection diffusion equation
In the time direction, we use the Crank-Nicolson scheme. The central difference formula, left fractional approximation operator (2.1), and right fractional approximation operator (2.15) are respectively used to discretize the classical first order space derivative, left
Riemann-Liouville fractional derivative, and right Riemann-Liouville fractional derivative.
Taking the uniform time step ∆t and space step ∆x, and setting d
, and s n+1/2 i = s(x i , t n+1/2 ), where t n+1/2 = (t n + t n+1 )/2, the full discretization of (2.16) has the following form
Similar to (2.1) and (2.15), we define 19) for i = 1, 2, . . . , N x − 1, associated with the boundary conditions u n 0 and u n Nx . Putting
g i , the system of equations given by (2.17) takes the form 20) where I is the identity matrix, and
and the matrix entries A i,j for i = 1, . . . , N x − 1 and j = 1, . . . , N x − 1 are defined by 
ADI scheme for two-dimensional two-sided fractional convection diffusion equation
Under the direction of discretizing the one-dimensional case of (1.1) in the last subsection, we use ADI [19, 3, 5] to numerically solve (1.1). First we introduce and list the denotations (some of them already given above) that will be used in the following: 
the uniform space steps ∆x, ∆y and time step ∆t, the resulting discretization of (1.1) can be written as
Using the notations (2.22), we have
(2.24)
Further define
thus, (2.24) may be rewritten as
For the two-dimensional two-sided fractional convection diffusion equation (1.1), the relevant perturbation of (2.26) is of the form
The system of equations defined by (2.27) may be solved by the following ADI (PeacemanRachford type) scheme [19] :
where u * i,j is an intermediate solution.
For maintaining the consistency, we need to carefully specify the boundary conditions of u * i,j . Subtracting (2.29) from (2.28), we obtain
then the boundary conditions for u * i,j ( i = 0 and i = N x with j = 1, . . . , N y − 1) can be given as
The corresponding procedure is executed as follows: 
Convergence and Stability Analysis
We show the convergence for one-dimensional and two-dimensional two-sided fractional convection diffusion equation by proving the consistency and stability (according to Lax's equivalence theorem).
3.1. Convergence and stability for one dimensional two-sided fractional convection diffusion equation
Proof. For any ξ ∈ [x k , x k+1 ], using Taylor series expansion at ξ, it is easy to get the results.
then for x L < x < x R the following holds
Proof.
Using E to differentiate both sides of (3.1) leads to
Replacing u with Eu in (3.1), then (3.2) can be rewritten as
Repeated iterations establish the desired result.
2 , where α ∈ (1, 2).
Proof. In the following we use u(x i ) to denote u(x i , t n ). Since t n is fixed and
, then the following holds
Let ǫ(x i ) be the error satisfying
then there exists
2 .
Next we calculate the error ǫ(x i ). Extending the definition of
with the extended part of u(x) being the one given in Theorem A of Appendix, then
and C(x i ) = 0. Using Taylor series expansion and denoting θ = (ξ −x k )/∆x, from Lemma 3.1 we get
where |u
2 ), the desired result is proved. 
Using similar idea we can prove
Remark 3.2. From Lemma 3.4, it can be noted that
if and only if u ∈ C 4 (Ω) and 
Proof. Taking u(x, t) ≡ 1, from (2.7, 2.12, 2.13), we have
Using similar method, we can prove with zero boundary conditions, i.e., ε n 0 = ε n Nx = 0. Then we can use the Von Neumann analysis or Fourier method [3] to do the stability analysis. Putting
g j , and assuming
then (3.4) leads to
The amplification factor is
Next we prove that | Q(ω)| < 1, it means that the real part of the element in the big parentheses of above equation is negative, that is We can write
From Theorem B of Appendix, we know p
where Lemma 3.6 and 3.7 are used.
Convergence and stability for two-dimensional two-sided fractional convection diffusion equation
In this subsection, we prove the consistency and stability of the scheme (2.27)-(2.31) which combine the alternating directions implicit scheme with Crank-Nicolson scheme together (ADI-CN). According to the Lax's equivalence theorem, the convergence of the ADI-CN scheme is naturally obtained. 
Proof. Let u(x, y, t) be the exact solution of the two-dimensional two-sided fractional convection diffusion equation (1.1), then for the scheme (2.26) we have
The scheme (2.27) differs from (2.26) by a perturbation equals to [19] (∆t)
which may be deduced by distributing the operator products in (2.27). Since (u
it follows that the perturbation contributes an O((∆t)
2 ) error component to the truncation error of (2.26). Thus, the scheme (2.27) has a truncation error also
Theorem 3.10. The ADI-CN scheme, defined by (2.26) with constant coefficients, is unconditionally von Neumann stable for 1 < α, β < 2.
Proof. Let u 
Numerical Results
Here we verify the above theoretical results including convergent order and stability.
Introducing the vectors
T , where U is the approximated value,
T , where u is the exact value, in the following numerical examples the errors are measured by
where || · || ∞ is the l ∞ norm.
Numerical results for one-dimensional two-sided fractional convection diffusion equation
Let us consider the one-dimensional fractional convection diffusion equation (2.16), where 0 < x < 1 and 0 < t ≤ 1, with the coefficient functions
Take the exact solution of the equation as u(x, t) = e −t sin((2x) 4 )sin((2 − 2x) 4 ), then the corresponding initial and boundary conditions are, respectively, u(x, 0) = sin((2x) 4 )sin((2− 2x) 4 ) and u(0, t) = u(1, t) = 0; and the forcing function
by the algorithm given in [1] , we can numerically obtain the value of s(x, t) at anywhere of the considered rectangle domain with any desired accuracy.
In Table 3 , we show the scheme (2.17) is second order convergent in both space and time directions. on a finite domain 0 < x < 1, 0 < y < 1, 0 < t ≤ 1, and with the coefficients
and the initial condition u(x, y, 0) = sin((2x)
the Dirichlet boundary conditions on the rectangle in the form u(0, y, t) = u(x, 0, t) = 0 and u(1, y, t) = u(x, 1, t) = 0 for all t ≥ 0. The exact solution to this two-dimensional two-sided fractional convection diffusion equation is
By the algorithm given in [1] and above conditions, it is easy to obtain the forcing function s(x, y, t) at anywhere of the considered rectangle domain with any desired accuracy. Table 4 also shows the maximum error, at time t = 1 and ∆t = ∆x = ∆y, between the exact analytical value and the numerical value obtained by applying the ADI-CN scheme (2.27)-(2.31), and the scheme is second order convergent and this is in agreement with the order of the truncation error.
Numerical results for two-dimensional one-sided fractional convection diffusion equation
Considering the two-dimensional two-sided fractional convection diffusion equation
(1.1), and taking the coefficients functions as
then it becomes the two-dimensional one-sided fractional convection diffusion equation,
where 0 < x < 1, 0 < y < 1, 0 < t ≤ 1, and the initial condition u(x, y, 0) = sin(x 4 )sin(y 4 ) and the Dirichlet boundary conditions on the rectangle in the simple form
for all t > 0. The exact value to this two-dimensional one-sided fractional convection diffusion equation is u(x, y, t) = e −t sin(x 4 )sin(y 4 ).
By the algorithm given in [1] and above conditions, it is easy to obtain the forcing function s(x, y, t). at anywhere of the considered rectangle domain with any desired accuracy. Table 5 shows the maximum error, at time t = 1 and ∆t = ∆x = ∆y, between the exact analytical value and the numerical value obtained by applying the ADI-CN scheme (2.27)-(2.31), and the scheme is second order convergent and it corresponds to the order of the truncation error.
Conclusions
This work provides the second-order efficient numerical scheme for the two-dimensional two-sided fractional advection diffusion equation on a finite domain. Both the convergent order and numerical stability of the scheme are theoretically proved and numerically verified. This paper can be considered as the sequel of the works [10, 11, 12, 16, 17, 18, 19, 20] . 
